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We propose a profound consequence of symmetry towards the axiomatic derivation of Hilbert
space quantum theory. Specifically, we show that the symmetry of information gain in minimal error
state discrimination induces a non-trivial proviso on the state space structure of a physical theory.
The symmetry considered here puts a restriction on the means of optimal guessing of a system’s state
from that of an ensemble. We coin the term information symmetry (IS) since it constrains the way
optimal information gain occurs in the act of measurement. It is found that IS rules out a broad class
of generalized probabilistic theories while being perfectly compatible with physical theories such as
quantum and classical mechanics.
Introduction.– Obtaining a physical perspective of the
abstract mathematical description of quantum theory
is a long-standing aspiration in quantum foundations.
A variety of different approaches, some as old as the
theory itself, have attempted to addressed this ques-
tion, providing deeper understanding about the Hilbert
space formulation of the theory [1–11]. The advent of
quantum information theory introduces a new direc-
tion to this endeavour. It identifies physically motivated
principles excluding a class of multipartite nonlocal cor-
relations that are strong enough to be incompatible with
quantum theory, though weak enough to satisfy relativ-
istic causality or the no-signalling (NS) principle [12–21],
thus providing a device-independent outlook about the
correlations allowed in the physical world [22, 23]. An-
other approach is to identify rudimentary rule(s) that
directly derive the state space structure or some crucial
features of quantum theory [24–37].
Despite a number of non-trivial achievements, a com-
plete physical or first-principles motivation of Hilbert
space quantum mechanics is still elusive. In the present
work we consider a different approach to address this
issue, by investigating the state space structure of phys-
ical theories from the perspective of symmetry, as a prin-
ciple. Symmetry has played a long and widespread role
in formulating theories of the physical world. Rather
than being the by-product of dynamical laws, symmetry
principles have been appreciated as primary features of
nature, that in turn, determine the fundamental physical
laws [38, 39]. For instance, while formulating the spe-
cial theory of relativity, Einstein recognized relativistic
invariance as a primary, which stipulates the form of
transformation rules to be Lorentzian. Later, a similar
approach guided him to develop his seminal theory of
gravity where the principle of equivalence – a principle
of local symmetry – determines the dynamics of space-
time. In the context of the present work too, we take
symmetry as the guiding feature, though the symmetry
we explore here has different consequences. Rather than
guiding directly the dynamics, it imposes constraints on
the ways of information gain in the act of measurement,
and consequently puts restrictions on the structure of
state space.
In order to study the implications of the proposed
symmetry, we consider a very generic mathematical
framework that allows the largest possible class of con-
vex operational theories, also called generalized probab-
ility theories (GPTs). The state space of such a theory is
a convex set in Rn with extreme points denoting pure
states or states of maximal knowledge. This framework
embraces the notion of indistinguishable states – mem-
bers of a set of states that can not be identified perfectly
given a single copy of the system prepared in one of
these states. For a completely random ensemble of two
such states, the most general strategy to identify the
correct state comprises of a two-outcome measurement
– the two different outcomes correspond to two differ-
ent preparations. While extracting information through
such a binary measurement, error can occur in two
ways:- (i) outcome-1 that should correspond to state-1
may click even when the system is prepared in state-2,
and (ii) outcome-2 may click when the system is pre-
pared in state-1. Our proposed Information Symmetry
(IS) assumes that for any randomly prepared binary en-
semble of pure states, optimal information about the
preparation is obtained symmetrically from both the
states. In other words, the two possible sources of error
contribute equally in minimal error state discrimination.
Through the analysis presented herein, we find that
this seemingly naive symmetry condition is not satisfied
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2by the class of GPTs. In particular, we show that regular
polygonal state spaces [40] with more than 4 pure states
are incompatible with IS. Polygonal state spaces with
4 pure states, known by the name squit, also become
incompatible with IS when it is applied to the binary
ensembles of mixed states. This newly identified sym-
metry property turns out to be pivotal in determining
the state space structure of physical theories as we find
that both classical and quantum theory are perfectly
compatible with IS. We begin our analysis with a brief
discussion on the mathematical framework of GPTs.
Framework.– The structure of any operational theory
consists of three basic notions – state or preparation,
observable or measurement, and transformation. While
observables correspond to the possible choices of meas-
urement on the system, its initial preparation is repres-
ented by a state, and the time evolution of the state is
governed by some transformation rule. In the prepare
and measure scenario the state and observable together
yields the statistical prediction of an outcome event. The
standard formulation of quantum theory lies within this
framework where state and observable are respectively
described by density matrix and Hermitian operator
acting on a complex Hilbert space associated with the
system, and the outcome prediction is governed by the
Born probability rule. Studying quantum theory within
a generic convex operational framework dates back to
1960s [7–9] aiming for an axiomatic derivation of Hilbert
space structure. In the recent past, quantum informa-
tion theory has initiated renewed interest in this area of
research [24, 26, 29, 30].
Preparation or state ω of a system specifies outcome
probabilities for all measurements that can be performed
on it. A complete specification of the state is achieved by
listing the outcome probabilities for measurements be-
longing to a ‘fiducial set’ [24, 26]. The set of all possible
states Ω forms a compact and convex set embedded in
the positive convex cone V+ (refer to the Supplemental
Materials for further definitions) of some real vector
space V. Convexity of Ω assures that any statistical mix-
ture of states is a valid state. The extremal points of the
set Ω that do not allow any convex decomposition in
terms of other states are called pure states. For example,
state of a quantum system associated with Hilbert space
H is described by positive semi-definite operator with
unit trace, i.e., a density operator ρ ∈ D(H), where
D(H) denotes the set of density operators acting on
H. For the simplest two level quantum system (also
called a qubit) D(C2) is isomorphic to a unit sphere in
R3 centered at the origin, where points on the surface
correspond to pure states.
An effect e is a linear functional on Ω that maps each
state onto a probability p(e|ω) representing successful
filter of the effect e on the state ω. Unit effect u is
defined as, p(u|ω) = 1, ∀ ω ∈ Ω. The set of all lin-
ear functionals forms a convex set embedded in the
cone V∗+ dual to the state cone V+. The set of effects is
occasionally denoted as Ω∗ ⊂ V∗+. A d-outcome meas-
urement M is specified by a collection of d effects, i.e.,
M ≡ {ej | ∑j ej = u}. For every effect e one can al-
ways construct a dichotomic measurement M := {e, e¯}
such that p(e|ω) + p(e¯|ω) = 1, ∀ ω ∈ Ω; e¯ is called
the complementary effect of e. Likewise the states, ef-
fects can also be characterized as pure and mixed ones.
Framework of GPTs may assume, a priori, that all math-
ematically well-defined states and observables are not
physically implementable. For example, the set of phys-
ically allowed effects E may be a strict subset of Ω∗.
A theory in which all elements of Ω∗ are allowed ef-
fects is called ‘dual’. The property of duality is often
assumed as a starting point in derivations of quantum
theory and referred to as the ‘no-restriction hypothesis’
[30]. However, recently it has been shown that the set of
‘almost-quantum correlations’ violates the no-restriction
hypothesis [41]. In this generic framework of probabil-
istic theory, one can define the notion of distinguishable
states.
Definition 1. Members of a set of n states {ωi}ni=1 ⊂ Ω
are called distinguishable if they can be perfectly identified in
a single shot measurement i.e., if there exists an n-outcome
measurement M = {ej | ∑nj=1 ej = u} such that p(ej|wi) =
δij.
Not every set of states can be perfectly discriminated.
However, a set of such indistinguishable states can be
distinguished probabilistically allowing one to define
the following state discrimination task. Suppose one of
the states chosen randomly from the pair {ω1,ω2} ⊂ Ω
is given. The aim is to optimally guess the correct state
while one copy of the system is provided. Without loss
of generality one can perform a two outcome measure-
ment M = {e1, e2 | e1 + e2 = u} and guess the state
as ωi while the effect ei clicks. The error in guess-
ing can occur in two ways – effect e1 clicks when the
given state is actually ω2 which happen with probability
p12 := p(e1|ω2), and with p21 := p(e2|ω1) probability
effect e2 clicks when the given state is actually ω1. The
total error is therefore pE = 12 (p12 + p21), and hence, the
probability of successful guessing is pI = 1− pE. The
measurement that minimizes the error pminE := minM pE
is known as the Helstrom measurement, initially stud-
ied for quantum ensembles in 1970’s [42–44] and more
recently, also studied in the GPT framework [45–48].
While e1 and e2 used in the above discrimination task
are mixed effects in general, the following lemma (proof
given in the Supplemental Materials) shows that in the
3Helstrom measurement, one of them is a pure effect.
Lemma 1. For any pair of indistinguishable states in a GPT
the measurement that optimally discriminates the states con-
sists of a pure effect and its complementary effect.
In a GPT a pure state corresponds to the state of max-
imal knowledge. While discriminating a pair of such
states one generally expects that both states contrib-
ute symmetrically in the success probability of optimal
guessing. This leads us to classify the GPTs as follows.
Definition 2. A GPT is said to satisfy information symmetry
(IS) if p12 = p21 in pminE for every pair of pure states allowed
in that GPT. In orther words, for any pair of pure states,
maximum information about the ensemble is obtained when
both states contribute symmetrically to this quantity.
In a theory that satisfies IS, any effort to maximize
information about one of the randomly prepared pair
of pure states leads to an overall reduction in the total
information about the system. Classical theory trivially
satisfies IS as all the pure states are perfectly distinguish-
able. The classical state space with d number of perfectly
distinguishable states is a (d− 1)-simplex. In quantum
mechanics, there however exists indistinguishable pure
states. For a pair of such pure states, ψ ≡ |ψ〉 〈ψ| , φ ≡
|φ〉 〈φ| ∈ D(H) the minimum error state discrimina-
tion (MESD) is obtained through Helstrom measure-
ment [42–44]. While ψ and φ are prepared randomly
(i.e. with equal probability), the measurement M ≡{
Eψ, Eφ | Eψ, Eφ ∈ L+(H) s.t. Eψ + Eφ = I
}
achieving
MESD is the one consisting of projectors onto the basis
that straddles ψ and φ in Hilbert space, and we have
pminE =
1
2
(
1−√1− | 〈ψ|φ〉 |2) (see the Supplemental
Materials); L+(H) is the set of positive operators on
H. Although IS holds true in classical and quantum
theory, we now show that the class of GPTs with regular
polygonal state spaces are not compatible with it.
Regular polygonal state spaces.– For an elementary sys-
tem the state space Ωn is a regular polygon with n
vertices. Recently, this class of models has attracted
considerable interest as it provides several physical in-
sights about the informational derivation of quantum
state space structure [40, 49–54]. It is convenient to rep-
resent both states and effects by vectors in R3 so that
p(e|ω) is the usual Euclidean inner product. For a fixed
n, Ωn is the convex hull of n pure states {ωi}n−1i=0 with
ωi := (rn cos(2pii/n), rn sin(2pii/n), 1)
T ∈ R3; where T
denotes transpose and rn :=
√
sec(pi/n). The unit effect
is given by u := (0, 0, 1)T . The set E of all possible meas-
urement effects consists of convex hull of zero effect,
unit effect, and the extremal effects {ei, e¯i}n−1i=0 , where
ei := 12 (rn cos((2i− 1)pi/n), rn sin((2i− 1)pi/n), 1)T for
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Figure 1. (Color on-line) State and effect spaces of squit (left)
and pentagon (right) models. Blue dots are the extremal states
and red dots denote the ray extremal effects. Green dots in
the pentagon model denote extremal effects that are not ray
extremal. In the squit model the effect e1 is scaled up to e˜1
so that its tip (black dot) lies on the normalized states space
(green surface) and it can be represented as e˜1 = u + eˆ1. In
the pentagon model, the state ω0 and the states ω
(η)
0 := ηω
′
0 +
(1− η)ω′′0 ≡ ηω2 + (1− η)ω3 are perfectly distinguishable by
the dichotomic measurement M ≡= {e0, e¯0}, for all η ∈ [0, 1].
even n and ei := 11+rn2 (rn cos(2pii/n), rn sin(2pii/n), 1)
T
for odd n.
The pure effects {ei}n−1i=0 correspond to exposed rays
and consequently the extreme rays of V∗+ [55]. For
odd-gonal cases, due to self-duality of state cone V+
and its effect cone V∗+ [56] every pure effect ei has one
to one ray-correspondence to the pure state ωi. Con-
sequently, for every pure state ωi there exist exactly
two other pure states ω′i and ω
′′
i such that ωi and
ω¯
(η)
i := ηω
′
i + (1 − η)ω′′i are always perfectly distin-
guishable for all η ∈ [0, 1] (see Fig. 1). The discriminat-
ing measurement consists of the effects {ei, e¯i} such that
p(ei|ωi) = 1 and p(ei|ω¯(η)i ) = 0. The effects {e¯i}n−1i=0 are
extremal elements of E but they are not ray extremal,
i.e., they do not lie on an extremal ray of the cone V∗+.
In quantum mechanics this happens when dimension
d of the associated Hilbert space Hd is larger than two.
For every pure state ψ ≡ |ψ〉 〈ψ| the effect (I− ψ) is ex-
tremal in the set of proper effects but not a ray extremal
effect; |ψ〉 ∈ Hd, and I is the identity operator on Hd.
For an even-gon, the scenario is quite different as the
self duality between V+ and V∗+ is absent. Here all the
ei’s and their complementary effects e¯i’s correspond to
extreme rays of V∗+.
Every ray-extremal effect e generates an extreme ray
λe for the cone V∗+, where λ ≥ 0. With proper choice of
λ any such e can be scaled up to a new e˜ ≡ λe, such that
the tip of this scaled effect vector e˜ lies on the normalized
state plane. Let us consider a particular direct sum
4decomposition of the space R3, i.e., R3 = Ru⊕ Vˆ, where
Vˆ is a two dimensional subspace of R3 parallel to the
X−Y plane. This allows a particular representation of
e˜ in the following way e˜ = u + eˆ, where eˆ ∈ Vˆ. Similarly,
every ω ∈ Ω has a representation ω = u + wˆ, with
wˆ ∈ Vˆ (see Fig. 1). In this representation the outcome
probability of the effect e on the state ω reads p(e|w) =
λp(e˜|ω) = λ(u + eˆ).(u + ωˆ) = λ(1 + eˆ.ωˆ) [57], where
dot represents euclidean inner-product in Rn. Set of
the vectors ωˆ corresponding to the states ω ∈ Ω forms
a convex-compact set Wˆs ⊂ Vˆ. For the n-gonal case,
norm of these vectors satisfy the bound ||ωˆ||2 ≤ rn with
exactly n vectors saturating the bound. Similarly the
vectors eˆ forms another convex-compact set Wˆe ⊂ Vˆ and
||eˆ||2 ≤ rn with exactly n vectors saturating the bound.
Self-duality for the odd-gonal cases imply Wˆs = Wˆe
which is not the case for even n.
Theorem 1. GPTs with state space Ωn with n > 3 (for odd
n) and with n > 4 (for even n) are not compatible with IS.
Proof. We consider first a GPT with regular n-gonal state
space with odd n and n > 3, and show that any two
neighboring pure states can not be discriminated op-
timally with symmetric error. Without loss of general-
ity, consider the two neighboring states ω0,ω1 ∈ Ωn.
According to Lemma 1 the measurement that optim-
ally discriminate these states consists of one of the ef-
fects corresponding to the vectors eˆn−k ∈ Wˆe such that
||eˆn−k||2 = rn, with k ∈ {0, · · · , n− 1} and its comple-
mentary effects. With such a measurement the error
reads as,
pE =
1
2
[
1+
1
1+ r2n
eˆn−k.(ωˆ0 − ωˆ1)
]
. (1)
Let us denote the angle between eˆn−k and (ωˆ0 − ωˆ1)
as θk. It is evident from (1) that for minimal error k
should be chosen in a way that |θk − pi| → 0. How-
ever, the self-duality of odd-gonal theory demands that
θk =
pi
2 + (2k + 1)
pi
n . Then, a straightforward calcula-
tion shows that minimal error discrimination is achieved
for k = [ n4 ]. For this optimal measurement, probabil-
ity of clicking en−k when the input state is ω0 is given
by p = 1
1+r2n
[1 + r2n cos{ 2pin (k + 1)}] and probability of
clicking e¯n−k on ω1 is given by p¯ =
r2n
1+r2n
[1− cos( 2pin k)].
These two probabilities p and p¯ are not same for any Ωn,
with odd n and n ≥ 3 (see Fig.2).
For even-gonal state spaces although some pair of
pure states can be discriminated optimally with sym-
metric error measurement, but this is not the case for all
pairs of pure states. The proof for the even-gonal case is
similar to the odd-gonal case. We provide the detailed
proof in the Supplemental Materials. Depending upon
Figure 2. (Color on-line) Absolute difference between p and
p¯ is plotted against m ≥ 2, m ∈ Z, where Ω(2m+1) is the
corresponding odd-gon state space. Inset depicts magnified
plot for higher values of m.
the relative positions of error symmetric pairs of states,
even-gonal state spaces are characterized in two differ-
ent classes – (i) n = 4m class with m ∈ {2, 3, · · · }, where
all the odd-ordered neighboring states can be discrim-
inated optimally with symmetric error measurement;
(ii) n = 4m + 2 class with m ∈ {1, 2, · · · }, where even-
ordered neighboring states have the same status.
We have shown that all polygonal state spaces Ωn,
with n ≥ 5 are incompatible with IS. Now the question
arises as to what happens for n = 4 which corresponds
to the marginal state space of the most general two-input-
two output bipartite NS correlations. This state apace is
also known by the name squit whose center corresponds
to the marginal state of the famous Popescu-Rohrlich
correlation [58].
Lemma 2. Any pair of pure states in squit can be discrimin-
ated perfectly.
Proof. The nontrivial supporting hyperplane correspond-
ing to any pure effect can be visualized as a first order
face of the corresponding state space. Any pair of pure
states in squit theory always lie on a pair of parallel
nontrivial supporting hyperplanes of the effect space.
Therefore, these two states can be perfectly discrimin-
ated by a measurement consisting of two pure effects on
these two parallel hyperplanes.
While the pure states in the squit theory do not violate
IS, it turns out that the theory is incompatible with a gen-
eralized version of IS which applies to the ensemble of
mixed states. A GPT is said to be compatible with gener-
alized information symmetry (GIS) if every pair of states
each having identical minimal type subjective ignorance
can be optimally discriminated with symmetric error
5measurement. While a pure state is the state of max-
imal knowledge, i.e., contains no subjective ignorance,
a state ω is said to have minimal type subjective ignor-
ance if it allows a convex decomposition in terms of two
distinguishable pure states, i.e., ω = pωi + (1− p)ωj
for some perfectly distinguishable pair of pure states
ωi and ωj. Two such states ω = pωl + (1− p)ωj and
ω′ = qωk + (1− q)ωl are said to have identical subject-
ive ignorance when p = q. It turns out that squit state
space does not satisfy GIS while the state space of the
qubit (and consequently the cbit state space) is perfectly
compatible with GIS (see the Supplemental Materials).
Discussions.– The newly identified symmetric primit-
ive, namely the Information Symmetry, has important
implications in the axiomatic derivation of Hilbert space
quantum mechanics as it puts nontrivial restrictions
on the state space structure of generalized probabilistic
models. While the state space of quantum theory is
perfectly compatible with IS, we find that the polygonal
state spaces do not satisfy this elementary symmetry
condition, or its generalized version.
In this context it is worth mentioning a couple of
other features of the structure of GPTs, which though
interesting, are not powerful enough to exclude various
categories of models while allowing for quantum and
classical mechanics in the manner of IS. First, the notion
of logical bit-symmetry [32] imparts self-duality on the
state space leading to the exclusion of even-gonal state
spaces only, but not the odd-gonal ones [40]. Secondly,
polygonal state spaces lack well defined purification for
all states [59]. However, the state space of the classical
bit also lacks this particular property, whereas it satisfies
IS. On the other extreme, the ’toy bit’ model of Spekkens
[60] does not satisfy IS though it may allow well defined
purification (see Supplemental Materials).
To summarize, IS imparts a remarkable restriction
on the state space structure, excluding all regular poly-
gonal state spaces as well as the Spekkens model, thus
representing a more stringent structural constraint com-
pared to self-duality. Moreover, unlike bit-symmetry, IS
assumes no constraint on the dynamics of the theory.
Before concluding, note that though it can be shown
that the state space of the bipartite NS box with a Bell
measurement is equivalent to a Bloch ball [36], the for-
mulation of IS is more general and does not involve any
structure from composite systems. Finally, it may be
interesting to explore implications of IS on other state
space structures as well as generalizations of IS for en-
sembles prepared with bias.
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SUPPLEMENTAL MATERIALS
Elements of Convex Geometry
Here we recall some definitions from convex geometry [61] that are relevant for our purpose.
Definition [Convex set]. A set S ⊂ Rn is said to be convex if and only if λx1 + (1− λ)x2 ∈ S , ∀x1, x2 ∈ S where
λ ∈ [0, 1].
The points residing on the boundary of a closed convex set S , which can not be written as a strict convex
combination of other two distinct points in S are said to be extreme points of the set S . More precisely,
Definition [Extreme point]. A point x ∈ S is said to be extreme point if and only if x = λx1 + (1− λ)x2 =⇒ x1 =
x2 = x, where λ ∈ (0, 1) and x1, x2 ∈ S .
A convex set is called convex cone if it satisfies a further condition.
Definition [Convex cone]. A convex set C is said to be a convex cone if and only if ∀x ∈ C, λx ∈ C for every λ ≥ 0.
An important notion in convex geometry is the Face of a convex set. Face can be defined in two different ways: –
geometrically and algebraically. These two definitions exhibit potential difference in case of non-polyhedral convex
sets.
Definition [Face – Geometric]. A subset F is called a face of the convex set P ⊆ Rn if there exists a supporting
hyperplane of P as, 〈v, ∗〉 = d, such that, F = P ∩ {x|〈v, x〉 = d}. Evidently, φ and P by itself are the trivial faces of
P .
6Definition [Face – Algebraic]. A face F of a convex set P ⊆ Rn is a closed convex subset of P such that for any
x ∈ F and any line segment [a, b] ⊂ P with x ∈ (a, b) implies a, b ∈ F .
The geometric definition of face gives the idea of an exposed face. However, the algebraic definition of face captures
both exposed and non-exposed faces. In the Fig.3 a sharp distinction between the above two faces are explained.
Another important notion in convex geometry is the ray of a convex cone. For any x in the convex cone C, λx is
Figure 3. (Color on-line) On the non-polyhedral set two red points denote the extreme but non-exposed faces, however the blue
point represents the exposed face. It is also evident that although the blue point satisfies the geometrical criterion of being a face,
the red points do not. However, all of them are accepted according to the algebraic definition of face.
said to be a ray generated by x for λ ≥ 0.
Definition [Extreme ray]. The ray generated by a non-null point x ∈ C is said to be an extreme ray for C if the ray
{λx|λ ≥ 0} is a face of C.
Another refined notion about ray of a cone is exposed ray.
Definition [Exposed ray]. The extreme ray generated by a non-null point x ∈ C is said to be an exposed ray for C if
the ray is an exposed face of C.
In the structure of general probabilistic theories, the ray joining the null effect and any of the pure states, is an
exposed ray for the state cone. A non-exposed extreme ray can only exist for a non-polyhedral convex cone.
Proof of Lemma 1
Consider two arbitrary states ω1,ω2 ∈ Ω. Suppose that the observable M ≡ {e1, e2 | e1 + e2 = u} discriminates
the pair of states is a way that the state ωi is guessed while the effect ei clicks. Probability of guessing is therefore,
pE =
1
2
[p12 + p21] =
1
2
[p(e1|ω2) + p(e2|ω1)] . (2)
Effects ei’s are in general mixed and allow convex decomposition in terms of pure effects, i.e., ei = ∑k pkeki , where
all eki ’s are pure effects and pk ≥ 0 ∀ k & ∑k pk = 1. Therefore, we can write p(e1|ω2) = ∑k pk p(ek1|ω2) and
p(e2|ω1) = p(u− e1|ω1) = 1−∑k pk p(ek1|ω2), and consequently Eq.(2) becomes,
pE =
1
2
[
1−∑
k
pk p(ek1|ω2 −ω1)
]
. (3)
From this expression, it is clear that minimum error occurs when ∑k pk p(ek1|ω2 −ω1) gets maximized which will be
obtained for some pure effect.
Quantum theory and IS
In minimum error state discrimination the aim is to guess one of the states from a given ensemble with
minimum error. In the simplest scenario consider that two states ψ = |ψ〉 〈ψ| and φ = |φ〉 〈φ| are prepared with
probability pψ and pφ = 1− pψ. The most general strategy to guess the state perfectly is to perform a measurement
M ≡ {Eψ, Eφ | Eψ, Eφ ≥ 0 & Eψ + Eφ = I} such that the outcome corresponding to Eψ (Eφ) is taken to indicate that
7the state was ψ (φ). The probability of error in determining the state is therefore,
per = pψ Tr(ψEφ) + pφ Tr(φEψ),
= pψ − Tr[(pψψ− pφφ)Eψ]. (4)
Clearly, minimum error will be achieved when Eψ is a projector onto the positive eigenket of the operator pψψ− pφφ.
The state ψ and φ span a two-dimensional subspace. Without any loss of generality we can choose an orthogonal
basis {|0〉 , |1〉} and express the states ψ, φ as
|ψ〉 = cos θ |0〉+ sin θ |1〉 , (5a)
|φ〉 = cos θ |0〉 − sin θ |1〉 . (5b)
Accordingly, the eigenvalues of the operator pψψ− pφφ become,
a± =
1
2
(
pψ − pφ ±
√
1− 4pψpφ cos2 2θ
)
, (6)
and consequently, the minimal error is given by the so-called Helstrom quantity,
pminer =
1
2
(
1−
√
1− 4pψpφ| 〈ψ|φ〉 |2
)
. (7)
For the particular case pψ = pφ = 12 , we have p
min
er =
1
2
(
1−√1− | 〈ψ|φ〉 |2) = 12 (1 − sin 2θ). The optimal
measurement is symmetrically located about the input states, i.e., Eψ and Eφ are projectors on 1√2 (|0〉+ |1〉) and
1√
2
(|0〉 − |1〉), respectively. A straightforward calculation gives, Tr(ψEφ) = 12 (1− sin 2θ) = Tr(φEψ) establishing
compatibility of quantum theory with IS (see Fig. 4).
Proof of Theorem 1 for even n
The proof demands to establish that every Ωn violates IS for every even n > 4. As already mentioned in the main
text, depending upon the relative positioning of the symmetrically distinguishable pair of pure states the even-gonal
state spaces Ωn’s are characterized in two classes,
(I) n = 4m, with m ∈ {2, 3, · · · }, and
X
Y
Z
|ψ〉
|φ〉
Eψ
Eφ
ρ1
ρ2
E1
E2
Figure 4. (Color on-line) Bloch sphere: state space of a two-level quantum system (qubit). For randomly prepared pure states
|ψ〉 and |φ〉 MESD is obtained through Helstrom measurement M = {Eψ, Eφ}. The angle between the vectors corresponding to
the state |ψ〉 and projector Eψ is equal to the angle between the vectors corresponding to the state |φ〉 and projector Eφ. Vectors
denoted by red color indicate a similar fact for two equidistant mixed states ρ1 and ρ2.
8(II) n = 4m + 2, with m ∈ {1, 3, · · · }.
In the following we treat these two cases separately.
Case- I: In this case we show that no two even-ordered neighboring pure states can be optimally distinguished
with symmetric error measurement. Without loss of any generality we consider one of the states ω0. Then other
even ordered neighboring state relative to this is ω2l . For n = 4m-type polygon state space, the state ω2m resides
exactly opposite to ω0. The state ω2m and its immediate predecessor ω2m−1 and successor ω2m+1 are perfectly
distinguishable from ω0. The symmetry of even-gon state space further implies that every pair of neighboring
states on either side of ω0 have exactly the same status in respect of discrimination, i.e., while discriminating ω0
either from ωk or from ωn−k the errors are same. So, in the following we consider only the pairs (ω0,ω2l) with
l ∈ {1, ..., (m− 1)}.
The angle between the vectors ωˆ0 and ωˆ2l is given by
θl = 2l
2pi
n
,
and the angle between eˆn−k and (ωˆ2l − ωˆ0) is
θk =
pi
2
+
θl
2
+ (2k + 1)
pi
n
.
To optimize the total error in this discrimination task, k should be so chosen that |θk − pi| → 0. Hence, k will be the
closest integer to (m− l + 12 ), i.e., either k = (m− l) or k = (m− l + 1). Straightforward calculations lead to,
p(en−k|ω2l) = 12
(
1+ r2n cos
[
(4l + 2k + 1)
pi
n
])
, (8a)
p(e¯n−k|ω0) = 12
(
1− r2n cos
[
(2k + 1)
pi
n
])
. (8b)
For symmetric error we require p(en−k|ω2l) = p(e¯n−k|ω0), which further implies cos
[
lpi
m + (2k + 1)
pi
n
]
=
− cos [(2k + 1)pin ], i.e., lpim is an odd multiple of pi, which is not possible since l ∈ {1, ..., (m − 1)} (see Fig. 5).
Case- II: Without loss of generality, in this case it is sufficient to choose the pairs of states ω0 and ω2l−1 with
l ∈ {1, 2, ..., m}. The angle between vectors ωˆ0 and ωˆ2l−1 is given by
θl = (2l − 1)2pin ,
and the angle between eˆn−k and the vector (ωˆ2l−1 − ωˆ0) is
θk =
pi
2
+
θl
2
+ (2k + 1)
pi
n
.
Figure 5. Absolute difference between the two error probabilities in Eqs.(8) is plotted against m ≥ 2, m ∈ Z and l ≤ (m− 1), l ∈ Z,
where 4m is the corresponding even-gon structure and l as mentioned in the text.
9Figure 6. Absolute difference between the two error probabilities in Eqs.(9) is plotted against m ≥ 2, m ∈ Z and l ≤ m, l ∈ Z,
where 4m + 2 is the corresponding even-gon structure and l as mentioned in the text.
Further calculation gives,
p(en−k|ω2l−1) = 12
(
1+ r2n cos
[
θl + (2k + 1)
pi
n
])
, (9a)
p(e¯n−k|ω0) = 12
(
1− r2n cos
[
(2k− 1)pi
n
])
. (9b)
For symmetric errors we require cos
[
(4l + 2k− 1)pin
]
= cos
[
(2k− 1)pin
]
, i.e., 4lpin =
2lpi
2m+1 is an odd multiple of pi,
which is again not possible (see Fig. 6).
Squit state space and GIS
Here our aim is to show that the squit theory is not compatible with GIS. Consider the symmetric MESD between
two mixed states ω and ω′ as shown in Fig 7. Note that the states are of minimal ignorance type and both have
same subjective ignorance. We now show that though a pair of mixed effects can discriminate the states with
symmetrically distributed error, but the total error in that case is not minimum; rather the minimum error is obtained
for pure effects with error corresponding to one effect being zero, and full for the other one.
ω0
ω1
ω2
ω3
e0
e1e2
e3
ω
ω′
Figure 7. (Color on-line) Projection of the state and effect cones of the squit model on the normalized state plane.
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Consider the decomposition of ω and ω′ in terms of pure states:
ω = pω1 + (1− p)ω2, (10a)
ω′ = pω0 + (1− p)ω1. (10b)
To discriminate these states, consider a measurement M ≡ {e, e′| e = re2 +(1− r)e3 & e′ = u− e} to guess the state as
ω (ω′) when the effect e (e′) clicks. A straightforward calculation shows p(e′|ω) = p(1− r) and p(e|ω′) = r(1− p).
For p = r, both the errors are identical and accordingly, the total error turns out to be p(s)er = 2p(1− p).
Consider now a different measurement consisting of two pure effects {e2, e4}. If the given state is ω, then the effect
e2 clicks certainly, and e4 never clicks, whereas, for ω′ both the effects click. The error turns out to be per = (1− p).
Clearly, for p > 1/2 we have per < p
(s)
er establishing that the squit theory does not satisfy GIS.
IS and the Spekkens toy-bit model
Spekkens toy-bit theory was constructed in support of an epistemic view of quantum states [60]. This theory
encompasses a wide variety of quantum phenomena along with the existence of nonorthogonal states that are
impossible to discriminate perfectly. This model is based on a principle, called knowledge balance principle (KBP)
which states that – “If one has maximal knowledge, then for every system, at every time, the amount of knowledge one possesses
about the ontic state of the system at that time must equal the amount of knowledge one lacks".
The most elementary system consists of four ontic states denoted as ‘1′, ‘2′, ‘3′, and ‘4′. This elementary system
has only six epistemic states of maximal knowledge that are compatible with KBP:{
1∨ 2, 3∨ 4, 1∨ 3,
2∨ 4, 2∨ 3, 1∨ 4
}
. (11)
Here the symbol ‘∨′ denotes disjunction and it reads as ‘or’. For this elementary system, the only epistemic state
with non-maximal knowledge is given by,
1∨ 2∨ 3∨ 4. (12)
The epistemic states of the toy theory can be treated as uniform probability distributions over the ontic states.
For instance, while probability distribution (1/2, 1/2, 0, 0) is associated with the state 1∨ 2, the state 1∨ 2∨ 3∨ 4
corresponds to the distribution (1/4, 1/4, 1/4, 1/4). Note that this particular toy model is not a GPT in true sense
as it does not allow all possible convex mixtures of pure states as valid states. While the states 1∨ 2 and 3∨ 4 are
mutually orthogonal as they have non-overlapping probability distributions over the ontic states, 1 ∨ 2 and 1 ∨ 3
correspond to non orthogonal states.
KBP also imposes restrictions on possible implementable measurements in this toy theory. The fewest ontic
states that can be associated with a single outcome of a measurement is two. Thus, the only valid reproducible
measurements are those which partition the four ontic states into two sets of two ontic states. Therefore we have
three possible measurements 
M1 := {1∨ 2, 3∨ 4} ,
M2 := {1∨ 3, 2∨ 4} ,
M3 := {1∨ 4, 2∨ 3}
 . (13)
To discriminate the pair of nonorthogonal states 1∨ 2 and 1∨ 3, while the measurements M3 is no good for minimal
error discrimination, the measurements M1 and M2 do not provide symmetric errors. This establishes that toy-bit
theory is incompatible with the principle of information symmetry.
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